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We consider rotating strings and D2-branes on type IIA background, which arises as 

dimensional reduction of M-theory on manifold of G2 holonomy, dual to M = 1 gauge 

theory in four dimensions. We obtain exact solutions and explicit expressions for the 

conserved charges. By taking the semiclassical limit, we show that the rotating strings 

can reproduce only one type of semiclassical behavior, exhibited by rotating M2-branes 

on G2 manifolds. Our further investigation leads to the conclusion that the rotating 

D2-branes reproduce two types of the semiclassical energy-charge relations known for 

l/-) ■ membranes in eleven dimensions. 

O 
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1 Introduction 

In the recent years, an essential progress has been achieved in understanding the semi- 
classical limit of the string/gauge theory duality £Q. This initiated also an interest in the 
investigation of the M-theory lift of this semiclassical correspondence and in particular, 
in obtaining new membrane solutions in curved space-times and finding relations between 
their energy and the other conserved charges 0- So far, such relations have been 
obtained for the following target spaces: AdS p x S q 0, 0, 0, 0-Q1], Ad S 4 x Q 1 ' 1 ' 1 0, 
warped AdS§ x M 6 0, 11-dimensional AdS-h\a,ok hole 0, and manifolds of G2 holon- 
omy 0, [H]. In 0, various rotating membrane configurations on different G2 holonomy 
backgrounds have been studied systematically. In the semiclassical limit (large conserved 
charges), the following relations between the energy and the corresponding charge K have 
been obtained: E ~ K 1 ' 2 , E ~ K 2 ^ 3 , E -K ~ fC/ 3 , E- K ~ IniC In [HI, rotating 
membranes on a manifold with exactly known metric of G2 holonomy ^2] have been con- 
sidered. The above energy-charge relations, except the last one, have been reproduced 
and generalized for the case of more than one conserved charges. Moreover, examples of 
more complicated dependence of the energy on the charges have been found. The most 
general cases considered, lead to algebraic equations of third or even forth order for the 
E 2 as function of up to five conserved momenta. 
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It seems to us that an interesting task is to check if rotating strings in type IIA theory 
in ten dimensions, can reproduce the energy-charge relations obtained in and JT] for 
rotating M2-branes. 

In this paper, we consider rotating strings on type IIA background, which arises as 
dimensional reduction of M-theory on the manifold of G 2 holonomy, discovered in jT^j. By 
taking the semiclassical limit, we obtain that the rotating strings can reproduce only one 
type of semiclassical behavior, exhibited by rotating M2-branes on G 2 manifolds. Namely, 
E ~ K 1 ! 2 and generalizations thereof. Our further investigation shows that the rotating 
D2-branes reproduce two types of the semiclassical energy-charge relations known for 
membranes in M-theory. These are generalizations of the dependencies E ~ K 1 ^ 2 and 
E~K 2 '\ 

The paper is organized as follows. In section 2, we describe the type IIA background, 
which we will use. In section 3, we settle the framework, which we will work in. In 
section 4, we obtain three types of rotating string solutions and explicit expressions for 
the corresponding conserved charges. Then, we take the semiclassical limit and derive 
different energy-charge relations. In section 5, the same is done for rotating D2-branes. 
Section 6 is devoted to our concluding remarks. 



The type IIA background 



The type IIA background, in which we will search for rotating string and D2-brane solu- 
tions, has the form 



d s 2 10 = rl /2 C{-(dx ) 2 + 5 IJ dx I dx J + A 2 [(g 1 ) 2 + (g 2 ) 2 

,4\2 



+ B 2 [(g 3 ) 2 + (gr}+D 2 (gr} + rl /2 ^, (I, J =1,2,3), r = const, 
.* = ro /4 C 3/2 , F 2 = sin M0i A dQ x - sin 6 2 d(f) 2 A d0 2 . (2 



Here, g x ,...,g b are given by 



and the functions A, B, C and D 
A 



g 1 = — sin Q\d<\>\ — cos ipi sin 9 2 d(f) 2 + sin i\)\dQ 2 , 
g 2 = dQ\ — sin^i sin 6*2^02 — cosipid9 2 , 
g 3 = — sin Q\d<\>\ + cos ^1 sin 2 d<p 2 — sin ip±d9 2 , 
g 4 = d6i + sin ipi sin 9 2 d(j) 2 + cos i\)\dQ 2 , 
g 5 = dipi + cos Q\d<\>\ + cos 9 2 dcf) 2 , 

depend on the radial coordinate r only: 
1 , 



= ^yV-3r /2)(r + 9r /2) 



B = 



C = 



v -9r /2)(r + 9r /2) = 
\ (r-3r /2)(r + 3r /2)' T/ 

In (|2.1jl . $ and F 2 are the Type IIA dilaton and the field strengi 
one-form gauge field respectively. 



-l=^/(r + 3ro/2)(r-9r-o/2), 



(2.2) 

;th of the Ramond-Ramond 
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The above ten dimensional background arises as dimensional reduction of the following 
solution of the eleven dimensional supergravity 



■(dx ) 2 + bijdx^x 3 + ds 2 , 



(2.3) 



ds 2 = dr 2 /C 2 + A 2 tff+tf) 



B 2 



where In is the eleven dimensional Planck length and 



g 6 = dip2 + cos 6\ 



cos 60 



The type IIA solution ()2.1|) describes a D6-brane wrapping the S 3 in the deformed 
conifold geometry. For r — > 00, the metric becomes that of a singular conifold, the 
dilaton is constant, and the flux is through the S 2 surrounding the wrapped D6-brane. 
For r — 9r /2 = e — ► 0, the string coupling e* goes to zero like e 3//4 , whereas the curvature 
blows up as e -3 / 2 just like in the near horizon region of a flat D6-brane. This means that 
classical supergravity is valid for sufficiently large radius. However, the singularity in the 
interior is the same as the one of flat D6 branes, as expected. On the other hand, the 
dilaton continuously decreases from a finite value at infinity to zero, so that for small r 
classical string theory is valid everywhere. As explained in ^2] , the global geometry is that 
of a warped product of flat Minkowski space and a non-compact space, Y$, which for large 
radius is simply the conifold since the backreaction of the wrapped D6 brane becomes 
less and less important. However, in the interior, the backreaction induces changes on Y 6 
away from the conifold geometry. For r — > 9r /2, the S 2 shrinks to zero size, whereas an 
S 3 of finite size remains. This behavior is similar to that of the deformed conifold but the 
two metrics are different. 



3 The set-up 

The ten dimensional background, described in the previous section, does not depend on 
part of the target space coordinates x M , M = 0, 1, 9. We denote them by x^ and the 
remaining ones by x a : x M = (x^, x a ). Further on, we will use the following ansatz for the 
string and D2-brane embedding coordinates x M = X M (£ m ) 

x"(c) = kc x a (n = z a (e), r = (£V-,o, (3.1) 

where are constants, £ p = C, 1 for the string and £ p = £ 2 for the D2-brane. 
3.1 Rotating strings 

In our further considerations, we will use the Polyakov action for strings embedded in 
curved space-time with metric tensor gMN( x ), interacting with a background 2-form gauge 
field bMN^x) via Wess-Zumino term 

S P == -| / d 2 i (^ 7 ™G mn - e mn B mn ) , (3.2) 

r = (e,e), m, n = (o,i), 
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where 

Gmn = d m X M d n X N gMN, B mn = d m X M d n X N bMN, (d m = d/d^ m ), 

are the fields induced on the string worldsheet, 7 is the determinant of the auxiliary 
worldsheet metric 7 mn , 7 mn is its inverse, and T = l/27ra' is the string tension. 
For our background (j2.1j) . the action ()3.2|) reduces to 

S p = J d 2 ££ p , C p = -l^y™G mn . (3.3) 

The equations of motion for X M following from ()3.3j) are: 

-9lk [dm (V^i mn d n X K ) + ^ 7 mn Tf 4N d m X M d n X N ] = 0, (3.4) 

where 

~^l,mn = 9lk^mn = 2 {®m9nl + 9n9ml ~ &l9mn) , 

are the components of the symmetric connection corresponding to the metric gMN- The 
constraints are obtained by varying the action (|3.3|) with respect to •y mn : 

^ mn S P = ( 7 M 7 mn - 2 7 fcm 7 ta ) G mn = 0. (3.5) 

Further on, we will work in conformal gauge r f nn = f] mn = diag(—l, 1), in which the 
equations of motion ()3.4j) and constraints ()3.5|) simplify to 

g L KV mn (d m d n X K + Y K MN d m X M d n X N ) = 0. (3.6) 

Goo + G u = 0, (3.7) 
G01 = 0. (3.8) 

Taking into account the ansatz (|3.1|) . one obtains that the metric induced on the string 
worldsheet is given by (the prime is used for d/d^ 1 ) 

G 00 = A£A^, G n = g ab Z' a Z' b + 2A» gtia Z' a + A^A^, 
G01 = Aq ( 9tM Z' a + A^) . 

The Lagrangian density in the action (|3.3|) reduces to 

^(e 1 ) = ~ (g ab z' a z' b + 2K 9 , a z ,a + rT n KKg^) ■ (3-9) 



2 

Cf does not depend on so the conjugated momenta 

P, = TA" J d£V (3.10) 
are conserved, i.e. they do not depend on the proper time £°. 
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Let us introduce the density 

V M = d{diXM) = -TV^l ln 9M N d n X N = -T (g Mb Z' b + K\g Mu ) . (3.11) 
In terms of Vm, the equations of motion (|3.6J) read 

V,(e)}' = 0, (3.12) 

The equations 1)3.12)1 mean that P M are constants of the motion: P M = constants. The 
remaining equations (j3.13j) may be rewritten as 

g ab Z" b + T aM Z' b Z >c = l -d a U + 2d [a A b] Z'\ (3.14) 

d[ a A b ] = ^ (d a A b - d b A a ) ■ 

In f|3.14|) . an effective scalar potential U and an effective 1-form gauge field A a appeared. 
They are given by 

2A£P M 
T 

The constraints (j3.7J) . ()3.8|) take the form 

g ab Z la Z' b = U, A% (g, a Z' a + A»g, u ) = 0. (3.15) 

Here, we are interested in obtaining rotating string solutions for which the conditions 
= constants and the second constraint in (|3.15j) are identically satisfied by appropri- 
ate choice of the embedding parameters A^. Then, the problem reduces to solving the 
equations of motion ()3.14|) and the first constraint in (|3.15|) . We further restrict ourselves 
to the simplest case, when the embedding is such that the background seen by the string 
depends only on the radial coordinate r. In this case, the solution is [13] 

e 1 (r)=T { 9 jj) ll2 dt. (3.16) 

Jr min \ LA / 

On the solution ()3.16|) . the conserved generalized momenta ()3.10p take the form 

a \ l l 2 

yrr 1 



P» = 2Tk» 9»Att) dt. (3.17) 

Jr min \ LA I 

3.2 Rotating D2-branes 

The Dirac-Born-Infeld type action for D2-brane in ten dimensional space-time with met- 
ric tensor 5^/^(2), interacting with a background 3- form Ramond-Ramond gauge field 
Cmnp(x) via Wess-Zumino term, can be written in string frame as 

S DBI = -T m J d 3 t{e-*^- det (G mn + B mn + 2ira>F mn ) (3.18) 
-d mi X Ml d m , 2 X M2 d m3 X M3 cm 1 m 2 m 3 }■ 
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Here, Tm is the D2-brane tension, G mn} B mn and $ are the pullbacks of the background 
metric, antisymmetric tensor and dilaton to the D2-brane worldvolume, while F mn is 
the field strength of the worldvolume £7(1) gauge field A m : F mn = 2d[ m A n y For our 
background, (|3.18|) reduces to 1 



S 



DBI 



D2 



det G r 



which is classically equivalent to the following action ^3] 



S 



D2 



d 3 ZC D2 



d 3 ^ [Goo - 2X'G 0i + X'tfGij - (2A°T D2 ) 2 det G tj 



(3.19) 



where X m = (A , A*), = 1,2) are Lagrange multipliers, which equations of motion 
generate the independent constraints 



G 



oo 



2X j G 0j + X i X 3 G l1 + (2X°T D2 ) det G 



0. 



Goi — X l Ga — 0. 



(3.20) 
(3.21) 



Further on, we will use the action ()3.19j) because it does not contain square root opposite 
to the DBI type action (|3.18jl . thus avoiding the introduction of additional nonlinearities 
in the equations of motion. 

The equations of motion for X M following from (|3.19|h in the worldvolume gauge 
X m = consants, are (G = det Gu) 



9mn 



do-x'dA (do-xwAx 



2X°T m ) dilG&diX 



(3.22) 



+ 



M.NK 



g M Kd N ® - ^9nk9m^ 



do - X%) X N (do - \>d 3 ) X K 



(2A°T D2 



G 



(T m ,nk - g M Kd N <S>) GVdiX^djX* + ~d M <f> 



0. 



In practice, it turns out that using the diagonal gauge A* = simplify the considera- 
tions a lot 0. That is why, we restrict ourselves namely to this gauge from now on. In 
this case, (jOty . (I3~2U1) . (ET2T1) and (l3~?2l reduce to 



C9f 
O no 



D2 



D2 



d 3 £ 



4A° 



G 



oo 



2A°T D2 G 



(3.23) 



Goo+(2A°T D2 ) 2 G = 0, 
Goi = 0, 



(3.24) 
(3.25) 



9mn 
+ 



d 2 X N - (2A°T D2 ) 2 ^ (GG ij djX N 



Fmmk — ( 9mk9n& — -9nk9m® 



d X N d X 



- K 



(2X°T m 



G 



(t m ,nk - 9MKd N §) GVa i x N d j x K + -a M $ 



(3.26) 



0. 



L For A r . 



dmf. 
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Taking into account the ansatz (|3.ip . one obtains that the metric induced on the 
D2-brane worldvolume is given by (the prime is used for d/d^ 2 ) 

Goo = KK9^ Gn = A?A^, G 22 = g ab Z' a Z' b + 2A^g^ a Z' a + A^A^, 
Goi = KK9^, G 2 = A£ (g, a Z fa + kl 9ilv ) , G 12 = A? (g^Z" 1 + A^) . 

Correspondingly, the Lagrangian density in the action (j3.23|) reduces to 

C A (e) = tTq' (K ab Z' a Z' h + 2A a Z' a - V) , (3.27) 



where 



- (2 \° A^A\ (g ab g^ - g^sw) e *, 
2A°T D2 ) Ai Ai A p 2 {QanQvp ~ ga P g^v) e~*, 
-AffA^ + (2A°T D2 ) 2 A?A?A£A* ( Mp a - M ,a) 



#«6 = 
4, = 

V = 

As far as C A does not depend on X^ 1 , the momenta 

p > = §>Jf ^Ve-* 

are conserved. 

If we introduce the densities 



(3.28) 



PS 



M 9 (^x A/ ) 

the equations of motion (|3.26|) acquire the form 



dC A 
~dZ^ 



0. 



0. 



(3.29) 
(3.30) 



The equations ()3.29|1 just state that V 2 are constants of the motion: 



P M = 2A T D2 e A^Al [{g^g pa - g^g vp ) Z' a + A 2 (g^g^x - g^g vp )\ = constants. (3.31) 

In the case under consideration, this is possible only for V 2 = 0. The remaining equations 
()3.3()|) may be rewritten as 



where 



K ab Z" b + Y aM Z' b Z' c - 2d [a A b] Z' b + -d a V = 0, 



r a , bc = - (d b k ca + d c k ba - d a k, 
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(3.32) 



The constraints (|3.24|) and (|3.25|) take the form 



K ab Z ,a Z' b + V = 0, 
AftA^„ = 0, 
A£ ( 9lMa Z ,a + A^ u ) = 0. 



(3.33) 
(3.34) 
(3.35) 



V 2 



We will search for D2-brane solutions for which the conditions ()3.34j) . (j3.35j) and 
= are identically satisfied due to appropriate choice of the embedding parameters 
A^. Then, the investigation of the D2-brane dynamics reduces to the problem of solving 
the equations of motion ()3.32|) and the remaining constraint (I3.33|) . In this article, we 
restrict ourselves to the simplest case, when the embedding is such that the background 
seen by the D2-brane depends on the radial coordinate r only. Then, the constraint (|3.33|) 
is first integral of the equation of motion (|3.32j) for Z a (^ 2 ) = r(£ 2 ), and the solution is 
given by 



** T'min \ V 



1/2 



dt. 



(3.36) 



On the solution ()3.36|) . the conserved generalized momenta ()3.28|) take the form 



P„ 



ffAg f r max 



v 



-*dt. 



(3.37) 



4 Rotating string solutions, conserved charges and 
their semiclassical limits 

As we already mentioned in the previous section, we are interested here in obtaining 
rotating string solutions, for which the embedding is such that the background seen by 
the string depends only on the radial coordinate r. This leads to the following three cases 2 



1. ipi, (p u <p 2 fixed to 0?, 0° 

ds 2 = rl /2 [C [-{dx ) 2 + 5 IJ dx I dx J + [A 2 + B 2 ) (d6\ + dQ\ 



- 2{A 2 -B 2 ) cosV°tiM02 



+ 



dr 2 



(4.1) 



2. Vi, 0i, 2 fixed to ^i, 0?, #° 



ds 2 = rl /2 {C {-(dx ) 2 + 5 IJ dx I dx J +(A 2 + B 2 )d6l 



+ [(A 2 + 5 2 )sin 2 # 2 ° + J D 2 cos 2 #: 
- 2 [A 2 - B 2 ) sin V? sin ^idfa } 



(4.2) 



dr 2 
~C 



2 For all of them F 2 = 0. 
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3. Vi, O u 9 2 fixed to V?, 0?, #2 

^ = r V2 | c |_ (dx o )2 + ^jjdx 1 dx^ + [(A 2 + 5 2 ) sin 2 0° + D 2 cos 2 0° 



+ 
+ 2 



(A 2 + S 2 ) sin 2 0° + L> 2 cos 2 0° 

A 2 - E 2 ) cos ift sin 0° sin 0° + D 2 cos 0? cos 9% 



(4.3) 



-, rfr 2 l 



There are also other possibilities, but they lead to the same type of metrics with respect 
to other coordinates. 

Let us begin with considering string moving in the background (|4.ip . In this case, the 
most general ansatz of the type (j3.1J) . which ensures that the conditions = and the 
second constraint in ()3.15|) are identically satisfied is 



(4.4) 



It corresponds to string extended in the radial direction r, and rotating in the planes given 
by the angles 9\ and 9 2 with angular momenta Pg 1 and Pg 2 . At the same time, the string 
moves along x°-coordinate with constant energy E, and along x 1 with constant momenta 
Pi- 

From the first constraint in (j3.15|) . 



- rl /2 C (y 2 - A 2 _A 2 - A 2 + B' 



0. 



where 



v l = ( A oj - ^/J A o A o = ( A oj - a ch 
Ai=(A^) 2 + (A?) 2 ±2A^cos^ 



(4.5) 



one obtains the turning points of the effective one-dimensional periodic motion by solving 
the equation r' = 0. In the case under consideration, the result is 3 



9r /2 = 3/ 



j ' max 



7*1 = / 



k 2 + 3 



r 2 = -l 



k 2 + 3 



3v 2 



I 2 (A% + At 



1 



k 



+ 



3v 2 



4 ' ^(A^ + A 2 , 

_ A 2 + - A 2 
<0 ' fc "A 2 +A 2 _- 



+ k 



> 3L 



(4.6) 



In accordance with (JHHEJ), we obtain the following expression for the string solution 
(Ar = r — 31, Ari =r% — 31) 



( 1/2; -1/2, -1/2, 1/2, 1/2, 1/2; 3/2; 



(A^ + A 2 ) 



2 \l/2 



/Ar 



(3/ - r 2 )An 



1/2 



X 



(4.7) 



Ar Ar Ar 



Ar Ar 



21 ' 4Z ' 61' 31 - r 2 ' An 

3 For all string and D2-brane solutions we are considering here, r m i n = 9ro/2 = 3/. 
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where Fp is hypergeometric function of five variables . 

Now, we can compute the conserved momenta on the obtained solution. According to 
dH3), they are (E = -P ): 



E - Pl T 



2 7 /An 



nl/2 



(A 2 +A 2 _)(3Z-r 2 )J 



xF^ I 1/2; 1/2; 3/2; 



1 _|_ 3?-r2 
1 ^ An 



An 

3Z-7-2 



-1/2 



(4.8) 



where 



T 



P 



6l L , 



Ag 1 - Aq 2 cos<) I4 + (Aq 1 + Ag 2 cos<) I b , 
A* 2 - Aq 1 cos^°) 7 a + (A* 2 + Ag 1 cos^°) 7 fl , 



2PAn 



nl/2 



(A 2 + + A 2 _) (3/ - r a ) 



Ari 

~2T 



Ari 
~6T 



Ari 
3/-r 2 



xF 



(3) 



D 



V2; 



•1,1/2; 3/2; 



1 _L _2L ' 1 _|_ _§L ' 1 _|_ 3Z-r 2 
1 " r Ari ^ Ari ~ l ~ Ari 



(4.9) 



-1/2 



(4.10) 



T 
"9 



2 9 (/An; 



(A 2 , + A 2 _) (3/ - r 2 ) 



xF^ I 1/2; -1,1/2; 5/2; 



1/2 



An 



Ari 
3/-r 2 



-1/2 



1 _L_ JL' 1 i 3<-r 2 
ir An 1 ^ An 



(4.11) 



Our next task is to find the relation between the energy E and the other conserved 
quantities Pj, Pq 1 , Pg 2 , in the semiclassical limit (large conserved charges), which corre- 
sponds to n — > oo. In this limit, 



E 



Pi ttT (2 3 /) 



3AV2 



Ag A^ (A 2 + + A 2 ) 1/2: 



7iT (21) 







(A 2 , + A 2 _) 



2^3/2' 



which leads to 



E 2 = P 2 + 2ttT (6r ) 1/2 (Pj + P e 2 ) 



1/2 



SijPiPj. 



(4.12) 



This is a generalization of the energy-charge relation F ~ F 1//2 for the case Pi ^ and 
two conserved angular momenta P^, P# 2 . Thus, the above string configuration has the 
same semiclassical behavior as the membrane in (4.20) of [TT] . which is given by the 
relation 



E 2 = P 2 + 2v / 67r 2 T M2 /ii | Ai | (P e 2 + P\ 



1/2 



4 The definition and some properties of the hypergeometric functions F^\a; b\, . . . , 6„; c; z\, . . . , z n ) 
are given in Appendix A. 
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Now, let us consider rotating string on the background (|4.2|) . To ensure that the 
conditions = and the second constraint in (j3.15J) are satisfied, we have to choose the 
following embedding 

X° = A° o e, X' = Afc°, r = r(e 1 ), 9 X = , 02 = Afe°. (4.13) 

This ansatz is analogous to the previous one, with 6 2 replaced by <j) 2 . The first constraint 
in ()3.15|) now reads, 



g rr r' 2 - U 



1/2 



,1/2 



C 



C (yl - AM 2 - A 2 + B 2 - A 2 D D 2 ) = 0, (4.14) 



where v q is given in (J4.5)) and 



A| = (a«) 2 + (At) 2 sin 2 # 2 ° ± 2 A*A* sin ^ sin # 2 °, 



A^fAH cos 2 2 °. 



(4.15) 



From here, one obtains the solutions of the equation r' = 0: 

Train = 9r /2 = 3/, T max = 7*1 > 31, T 2 < 0. 

The rotating string solution £ x (r) expresses through the same hypergeometric function as 
in 1)4.7)) . but now depends on different parameters 

lAr 



r (5) 



1/2 



A^ + A 2 + 4A^/3 
1/2; -1/2, -1/2, 1/2, 1/2, 1/2; 3/2 



1/2 



(3/-r 2 )Ar! 

Ar Ar 



(4.16) 



2/ 



4/ 



The same is true for E and Pj (compare with ()4.8)T 



8T 



2/Arx 



xF^ I 1/2; 1/2; 3/2; 



A^ + A 2 +4A 2 D /3) (31 -r 2 ) 
1 



1/2 



Ar 
~6p 



1 + 



Ar 



Ar \ 
31 — r 2 Ari / 



Ari 
31 -r 2 



-1/2 



(4.17) 



1 _|_ 3<-r 2 
1 ^ An 



For the conserved angular momenta Pq and P^, (13.17)) gives 

P e = (Ag - A^ sin V? sin 0°) J A + (K + AjJ sin V? sin 0°) J B , 

P^ = (Ajsin^-Aosin^?)sin^J A +(Ajsin^ + Agsin^)sin^J B 



(4.18) 



where 

J A - 



8T 



+A£ cos" ep D 



2/ 5 Arx 



(A 2 + + A 2 +4A 2 D /3) (31 



r 2 ) 



1/2 



Ari 
~2f 



x 1 + 



Ar! 
3/-r 2 



-1/2 



4 3) I 1/2; -1,-1, 1/2; 3/2; 



Ari 
~6T 



(4.19) 



1 J — ?J_ ' i + _6L' i + 

iT An ir An 1 ^ Ari 



3l-r 2 
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J, 



B 



16 



T 



xF§ ] I 1/2; -1,1/2; 5/2; 



A 2 + +A 2 _+4A2 ) /3 (3/ 



T2 



1/2 



1 + 



An 



I I U ' 1 I 3J-r 2 

1 ^ An 1 ^ An 



Ari 
3/-r 2 



-1/2 



(4.20) 



J, 



D 



2/ 5 Arx 



A 2 , + A 2 _+4Ay3 (3/-r 2 



8T 



xF® I 1/2; -2, 1/2; 3/2; 



1/2 



1 + 



~3f 



1 + 



Ar a 
3/-r 2 



-1/2 



1 _|_ 3 ^ ' 1 , 3t-T 2 

iT Arj 1 ^~ An 



3i-n 



(4.21) 



In the semiclassical limit r\ — > oo, one gets the following dependence of the energy on 
the charges P/, Pg and Ps 



E 2 



P 2 + 2vrT (6r ) 1/2 P 2 + 



3P 2 



1/2 



3 - cos 2 6% 



(4.22) 



Again, this is a generalization of the energy-charge relation E ~ K 1 ^ 2 , and for 9® = 7r/2 
(14.22)1 has the same form as the expression in ()4.12|) . 

Now, we turn to the case of string rotating in the background given in ()4.3j) . To satisfy 
the conditions P M = and the second constraint in (J3.15)) . we use the ansatz 



Ape. 



(4.23) 



This embedding is analogous to the one just considered, where d\ is replaced by 
The first constraint in (|3.15j) takes the form, 



g rr r' 2 - U 



1/2 
r „/2 



,1/2 



c 



C (yl - A 2 + A 2 - A 2 P 2 - A^P 2 ) = 0, (4.24) 



where v q is the same as before, and 



A| = Up ) 2 gin 2 61 + ( A^ 2 ) 2 sin 2 6° 2 ± 2A* 1 A^ 2 cos if>° sin 6® sin &. 
A 2 D = (Ap cos 6® + Aq 2 cos 0. 



(4.25) 



A 2 D , in 



Since f!4.24|) can be obtained from ()4.14|) by the replacements A^ — > A^, A 2 D 
the same way one can receive the new values for r max = r\ and r 2 , the new string solution 
from ()4.16|) . the new expressions for the energy E and the momenta Pj from (|4.17j) . In 
accordance with (|3.17j) . the conserved angular momenta P^ and P^ 2 are given by 



= (A^ 1 sin 0° + A* 2 cos i)\ sin 0°) sin Q\K A 
+ (A^ 1 sin 0° - Ap cos < sin 0°) sin Q\K B 
+ (A^ 1 cos 0° + A* 2 cos 0°) cos Q\K D , 



(4.26) 
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= (Ap sin 0° + cos $ sin 0°) sin 9° 2 K A 
+ (A^ 2 sin 0° - Ap cos V? sin 0°) sin 6° 2 K B 
+ ( A^ 1 cos 0° + A* 2 cos 0°) cos 0°if D , 



(4.27) 



where Ka, K B , K D can be obtained from (j4.19|) . (|4.20|) . (|4.21j) . by the above mentioned 
replacements. 

Taking the semiclassical limit (r 1 — ► oo) in the expressions for E, Pj, P^ and P^ 2 , 
after some calculations, one receives the following relation between them 



E 7 



P 2 + 2ttT 



/6tq 



V A 



1/2 



X 



(4.28) 



(3 - cos 2 0^ 



3 - cos 2 6l) Pi - APfaPfo cos 61 cos 0^ 



1/2 



where 



A = 3 - cos 2 0^ - cos 2 dl - cos 2 0^ cos 2 0°. 



00 



This is another generalization of the energy-charge relation E ~ K 1 ' 2 , and for 0° 
7r/2 has the same form as the relation in (|4.12j) . 

The equality ()4.28|) is only valid for A / 0. To see what will be the semiclassical 
behavior of the rotating string configuration for A = 0, let us consider the particular 
case 61 = 6 2 = 0. According to (|4.26|) . (J4.27|) . the two angular momenta become equal, 
Pfa = Ps 2 = P<t>- Performing the necessary computations, one arrives at 



E 2 



P 2 + 67rTrJ /2 P 



(4.29) 



which describes the same type of semiclassical behavior. 

Comparing (|4.4j) . ()4.13|) and ()4.23|1 with each other, one sees that none of them rep- 
resents string configuration with nontrivial wrapping. Then a natural question is if such 
solutions do exist at all. The analysis shows that the reason for the absence of wrapping is 
that we have too many restrictions on the embedding parameters A^ for the backgrounds 
(14. 1J) . (|4.2j) and ([4.3)1 . However, it turns out that if we restrict ourselves to particular 
cases of these backgrounds by fixing the values of part of the angles 0° 2 , ip® or fa{ 2) we 
can obtain wrapped rotating string solutions. An example of such solution is given by the 
ansatz 



r(e), 0? 



2 ° 



0. 



^ = A^e° - (a? 1 + Af 2 )e\ X = Ape + Ate, 

The background metric felt by the string is 



Ape + Ate- 



ds 1 



,1/2 



C 



~{dx ) 2 + 5 IJ dx I dx J + D 2 d(fa + fa + 



+ 



dr 2 
~C 



It can be seen as particular case of ()4.3|) after the replacement (fa + 4>i + fa) — * (fa + fa)- 
The calculations lead to the same result about the semiclassical behavior of this wrapped 
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string configuration as in (|4.29j) . where must be replaced with P$ 17 P^, or P^, which 
are equal to each other. 

Another example of wrapped string solution is 

X° = Ar, ^ = A^°, r = r(e 1 ), 0? = 6° = 0, 

0i = ah°, = Ate + Ate, 02 = Ate - Ate- 

The background seen by the string now is 

dr 2 1 



ds 2 = T l J 2 \C 



-{dx ) 2 + 5 IJ dx I dx J + (A 2 + B 2 )dQ\ + D 2 d{^ 1 + (j) 2 ) 



+ C 



2- 



which can be considered as particular case of ()4.2|) after the replacement + 02 ) - 
In the semiclassical limit, for the above string configuration, one receives the following 
energy-charge relation (P^ = P^ 2 ) 



E 2 = P 2 + 2ttT (3r ) 1/2 (2P 2 + 3P|J 1/2 . (4.30) 

It is particular case of ()4.22|) . 

Let us finally note that in considering the semiclassical limit (large charges), we take 
into account only the leading terms in the expressions for the conserved quantities. How- 
ever, there is no problem to include the higher order terms. For instance, the inclusion of 
the next-to-leading order term, modifies (J4.30|) to 

E 2 = P 2 + 2vrT (Sro) 1 / 2 ( 2 P 2 + 3P 2 J 1/2 - \(-T) 2 (3r ) 3 . (4.31) 

5 Rotating D2-brane solutions, conserved charges 
and their semiclassical limits 



In this section, we will consider D2-branes rotating in the backgrounds (|4.1|) . (j4.2j) and 
(J4.3|) . as it was already done for strings. It turns out that for every one of these three 
backgrounds, there exist two D2-brane configurations of the type ()3.1|) . which ensure that 
the equalities (|3.34|) . (|3.35|) and V 2 = are identically satisfied. 

We begin with the following D2-brane embedding in the target space metric (14.11) : 

x° = Ar+ { -^^(e+ce), x< = a&° + a[ (e + , (5.1) 

r = r(£ 2 ), ^i = A^°, 6 2 = A^°; (Aq.Ax) = djjA^Af, c = constant. 

It corresponds to D2-brane extended in the radial direction r, and rotating in the planes 
given by the angles 9\ and 9 2 with constant angular momenta Pg 1 and Pg 2 . It is nontrivially 
spanned along x° and x 1 and moves with constant energy E, and constant momenta P/. 
The metric induced on the D2-brane worldvolume is 

Goo = ~rl /2 C (v 2 - A 2 _A 2 - A 2 + B 2 ) , 

G u = rl /2 MC, G 12 = cG u , G 22 = g rr r' 2 + c 2 G u , 
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where Vq and A± are defined in ()4.5|) and 

M = A 2 

The Lagrangian (J3.27)) takes the form 

= ^ (K rr r- - V 



2 (Ao-Ai) 



(5.2) 



K r 



■(2\°T m ) 2 r Me- 



V = r. 



1/2 



C (v 2 - A 2 _A 2 - A 2 + B 2 ) e 



From the yet unsolved constraint ()3.33|) 

K„r' 2 + V = 0, 

one obtains the turning points of the effective one-dimensional periodic motion by solving 
the equation r' = 0. In the case under consideration, the result is given in (j4. 6j) . 

Applying the general formula ()3.36|) . we obtain the following expression for the D2- 
brane solution 



rr 

eir) = / 

J31 



rr 


K rr (t)~ 


m 





1/2 



dt = ^A°T, 



1)2 



Ml 



(A\ + A 2 ) (3/-r 2 ) An 



1/2 



(2Ar 



,3/4 



( 3/4; -1/4, -1/4, 1/4, 1/2, 1/2; 7/4; 



Ar Ar Ar 



Ar Ar 



. (5.3) 



2/' 4/' 6/' 3/-r 2 An. 
Now, we compute the conserved momenta on the obtained solution according to ()3.37|) : 



E _ Pi 
Ajj~ K 



8tt 2 T, 



D2 



Ml 



(A 2 , + A 2 _) (3/ - r 2 ) 



1/2 



X 



(5.4) 



An\ 1/2 / An \ 1/2 



21 



4/ 



An 
~6f 



-1/2 



1 



I 1/2; -1/2, -1/2,1/2,1/2;!; 



Ar : 
3/-r 2 
1 1 



-1/2 



x 



1 + ^7'1 + ^7'1 + ^7'1 + 



4Z ' 



61 ' 



An 



An 



An 



3l-r 2 
An 



P fc = (Aq 1 - Ag 2 cos<) j£ + (A* 1 + Ag 2 cos<) 
Pe 2 = (Aq 2 - A* cos<) + (A* 2 + A* cos^? 



where 



f 13 



Sn 2 T D2 



Ml 1 



-,1/2 



(A 2 , + A 2 _)(3/-r 2 ) 



i + ^ 3/ 7i + ^V /2 ri + ^V /2 ,, 



21 



4/ 



6/ 



Ari 



-1/2 



I 1/2; -3/2, -1/2,-1/2,1/2;!; 



1 



3Z-r 2 , 
1 1 



x 



(5.5) 



(5.6) 



3i-n 



1 i _2L ' i j_ _iL ' 1 _i_ _§L ' i _i_ J'-f2 
ir An iT An 1 ^ An 1 " r An 
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ID 1 



(A 2 + + A 2 )(3Z-r 2 ) 
An 1 + ^) ( 1 + 11 



2/ 



W, An\ 3/2 / Anr 1/2 / An \ 



-1/2 



i^ 4) I 1/2; -1/2, -3/2, 1/2, 1/2; 2; 



1 



31 -r 2 . 
1 



1 _|_ _2L ' 1 _|_ _iL ' ^ _|_ _§L ' 1 _|_ 3Z-r 2 
ir An iT An 1 An 1 An 



In the semi classical limit, (|5.4j) - (J5.7|) simplify to 



"T7T = ~TT = ~7T 1 , 



M 



1/2 



Pa 



zii 1 Ali 



D2 



A 2 +A 2 



P 02 = 2 AM 



Mli 



Ml 



J _B1 



(Al + A 



2 X3/2 U 0- 



From here, one obtains the following relation between the energy and the conserved 
charges 



E 2 (e 2 



o 3 



A\E 2 - (M.P) 2 } (Pl+Pl)=0 



(5i 



which is third order algebraic equation for E 2 . Therefore, this D2-brane configuration 
reproduces particular case of the M2-brane semiclassical behavior given in (4.19) of ^1] 



{e 2 (e 2 



(2tt 2 T M2 1 3 u ) 2 {(Ax x A 2 ) 2 E 2 - [(A, x A 2 ) x P] 2 }}' 



6(27r 2 T M2 /ii) 2 ^ 2 A\E 2 - (A^P 



Pl + Pi 



o. 



corresponding to (Ai x A 2 ) = 0. For (Ai.P) = 0, (|5.8jl reduces to 



E 



p2 + 



2 3/2 
W 2 



71 



'■T D2 | A x | (P 2 + i* 



2 "l 

02 J 



1/2 



This is the same type energy-charge relation as the one obtained for the string in (|4.12|) . 

Let us now consider the other possible D2-brane embedding for the same background 
metric (|4.1j) . It is given by 



h = Ke + a^ 1 + a^ 2 , e 2 = Ke - Ke - a^ 2 . 



(5.9) 



This ansatz describes D2-brane, which is extended along the radial direction r and rotates 
in the planes defined by the angles Q\ and 9 2 , with equal angular momenta Pg 1 = Pg, 2 = Pg. 
Now we have nontrivial wrapping along d\ and 9 2 . In addition, the D2-brane moves along 
x° and x 1 with constant energy E and constant momenta Pj respectively. 
For the present case, the Lagrangian ()3.27|) reduces to 



r l2 -V 



4A° 



K r 



(2\°T D2 ) 2 r (A\ + A 2 + A\_B 2 e 



V = rl ,2 C(vi- A Z _A Z - AiB 



2 a2 



-<S> 
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where 



A 2 1± = 2 (a?) 2 (l ± cos V?) , A^ = 2 (Ag) 2 (l ± cos V?) . 
The constraint (|3.33|) 

K rr r' 2 + V = 0, 

leads to the same solutions of the equation r' = 0, as given in ()4.6|) . but in terms of the 
new parameters A± instead of A±. 

Replacing the above expressions for K rr and V in (J3.36j) . we obtain the D2-brane 
solution: 



-A°T r 



I (Af + + A?_) 


(3Z-u + )(3Z-u_) 


3 


(A 2 + + A 2 ) 


(3/ - r 2 ) Arx 



1/2 



(3/4; -1/4, -1/4, 1/4, -1/2, -1/2, 1/2, 1/2; 7/4; 
Ar Ar Ar Ar Ar Ar Ar 



(2Ar) 3 / 4 



x 



(5.10) 



2Z ' 4/' 6/' 3Z-V+' 3/-w_' 3/-r 2 'Ar! 
where t>± are the zeros of the polynomial 

A 2 _ A2 
, A 1+ A l-, 



t z -2l 



A?+ + Af. 



-t-3/ 2 = (t- v+)(t-v_). 



In the case under consideration, the conserved quantities are E, Pj and Pq. By using 
(J3.37|) . we derive the following result for them 



E Pl Att 2 T 



Z(A 2 + + A 2 _) (3l-v+)(3l-vJ) 
3(A 2 + + A 2 ) (3Z-r 2 ) 
ArA 1 / 2 / ArA- 1 / 2 



1/2 



(5.11) 



ArA 1/2 / ArA 1/2 / ArA 



1 



An 



1/2 



l + 



Ari 



1/2 



1 



Ari 
3/-r 2 



31 — v + J \ 31 — v _ y 
4 6) (1/2; -1/2, -1/2, 1/2, -1/2, -1/2, 1/2; 1 
1111 1 



-1/2 



3i-r 2 J ' 
Ari 



where 



P e = A* [(l - cosV?) l£ + (l + cos^°) I° 2 



I D A2 = A^T m 



l b {A\ + + A\_) (3l-v + )(3l-v_) 
3 (A 2 , + A 2 _) (3/ - r 2 ) 



1/2 
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Ari\ 
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Ari 
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An 

3Z-r 2 



-1/2 



3Z--u_/ 

4 6) (1/2; -3/2, -1/2, -1/2, -1/2, -1/2, 1/2; 1; 

1111 11 
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An 
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An ~ An 



jD _ o„2 



L B2 



2tt 2 T D2 



I 3 (A 2 + + A 2 _) (3l-v+)(3l-v_) 



3 3 (A 2 + + A 2 ) (31 - r 2 



1/2 



X 



Ari 1 + 



An 
~2T 
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Ari 
3/ — v. 



1/2 



1/2 



ArA 
Ari 



3/2 
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1/2 



Ari 
~6f 



-1/2 



1 + 



Ari 
3Z-r 9 



V 3l-v_J 
F® (1/2; -1/2, -3/2, 1/2, -1/2, -1/2, 1/2; 2; 
1111 1 
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1 " r An 1 " r An ~ r Ari " 1 " Ari 



1 _l_ 3?— f— i I 31— r 2 
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Taking the semiclassical limit in the above expressions 5 , we obtain the following de- 
pendence of the energy on Pj and Pq\ 



E 2 = p2 + 3 5/3 (27rTD2A?) 2/3 p 4/3_ 



(5.12) 



This is the same semiclassical behavior as the one exhibited by the M2-brane as given in 
(4.27) of HI]: 

E 2 = P 2 + 3 5 / 3 (2 7 rT M2 /? 1 A?) 2 / 3 P e 4/3 , 

which is a generalization of the energy-charge relation E ~ K 2 ! 3 for the case P^O. 

Now, we turn to the case of D2-branes rotating in the background (|4.2jl . Again, we 
have two possible embeddings of the type ()3.1|) . The first one is given by the ansatz 



x° = Ke + (e + < 2 ) , x 1 = Aje° + a[ (e + < : 

r = r(e 2 ), 0i = Afc°, & = Afe°. 



(5.13) 



(|5.13|) is analogous to ()5.1|) . but now the rotations are in the planes defined by the angles 
6*i and 4>2 instead of 9\ and 6*2- 

The Lagrangian ()3.27)1 takes the form 



c ) = ^ y K - r 



V 



V = rl /2 C (v 2 - A 2 _A 2 - A 2 + B 2 - A 2 D D 2 ) e 
5 In this limit v± remain finite. 



K rr = -(2\°T m ) 2 r Me- 
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where M, Vq, A 2 and A 2 D are denned in f)5.2j) . ()4.5|) and ()4.15|) respectively. 
The solution £ 2 (r) can be obtained from ()5.3|) by the replacement 

+ A 2 -> A^ + A 2 , + 4Ay 3. (5. 14) 

It is understood, that the solutions r max = r\ and r 2 of r' = are also correspondingly 
changed (r m j„ remains the same). The explicit expressions for E and Pj can be obtained 
in the same way from (|5.4|) . The computation of the conserved angular momenta P# and 
Ptf, according to ()3.37|) gives 

Pe = (K - At sin V>? sin # 2 °) j£ + (A* + A* sin ^° sin # 2 °) j£ , 

= (A* sin 0° - A* sin V?) sin 0°Jj° + (A* sin 0° + A* sin V?) sin 0°J- 

+A£cos 2 2 o j£ 1 , 

where one obtains Jj!^, Jbx from ()5.6|) . (|5.7jl by the replacement (|5.14j) . and 

1/2 



jD 
Bl 



J El = ^ 2 Td2 



MP 



A 2 + + A 2 _ + 4AI/3) (31 -r 2 



ArA 1 / 2 / ArA 2 / ArA 1 / 2 / ArA" 1 / 2 / An X^ 2 

4 5) (1/2; -1/2, -2, -1/2, 1/2, 1/2; 1; 
11111 



l + -^'l + 7 ^'l + -^'l + -^'l + ^ 12 

Ari Ari Ari Ari Ari 



Taking r\ — > oo in the above expressions, one obtains that in the semiclassical limit 
the following energy-charge relation holds 

P 2 (P 2 -P 2 ) 2 2\ 2 N2 / 2 3P 2 \ 

(tt 2 T D2 2 ( Pi + ^ 1 



2 , 



AfP 2 -(A!.P) 2 3 5V ^ V 3 -cos 

Obviously, this is a generalization of the relation (J5.8)) and for 2 = tt/2 has the same 
form. 

Let us see if another D2-brane embedding for the target space metric ()4.2|) is possible. 
It turns out that in this case such nontrivial solution exists if the non-diagonal part of 
the metric (|4.2|) is absent. Otherwise, we have too many conditions on the embedding 
parameters, which leads to vanishing kinetic term in the Lagrangian (|3.27|) : K rr = 0. 
That is why, we will consider the particular case ipi — 0. Then, the other possible ansatz 
is 

X° = A° o e, X' = Afc°, r = r(£ 2 ), 6 X = Af^ 1 + A 2 £ 2 , & = Afe°, (5.15) 

i.e., we have D2-brane extended in the radial direction r, wrapped along the angular 
coordinate Q\ and rotating in the plane given by the angle 02- The embedding 

X° = A°£°, X' = Ke, r = r(e), e 1= Ke, 2 = A^ + A^ 2 
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is also admissible, but it just interchanges the role of the angles 6\ and 2 . 
For the ansatz ([5.15)1 . the Lagrangian (j3.27|) is given by 

C A (e) = ^ (K rr r' 2 - V) , Krr = -(2A°T D2 ) 2 r (Ay 2 (A 2 + B 2 ) e 



V = rl /2 C 



A 2 (A 2 + B 2 ) - A 2 D D' 



where 



A 2 = K) 2 sin 2 fl 2 °. 



Vq and A 2 D are introduced in ()4.5|) and ()4.15|) respectively. The solutions of the equation 
r' — determining the turning points of the periodic motion now are: 



31, r. 



n 



2vl 



-r 2 . 



\| 3A 2 + 2A 2 D 

Replacing the above expressions for K rr and V in ()3.36|) . one obtains the solution: 

1(31 - w + )(3l - w_) 



e(r) = -A°T D2 A? 



1/2 



(3A 2 + 2A 2 D ) {31 - r 2 ) Ar x 

F<P (3/4; -1/4, -1/4, 1/4, -1/2, -1/2, 1/2, 1/2; 7/4; 
Ar Ar Ar Ar Ar Ar Ar 



(2Ar) 3/4 x 



(5.16) 



21 ' 4/ ' 6/ ' 3/ - w + ' 3/ - w_ ' 3/ - r 2 ' An. 



w± 



±V3l. 



The computation of the conserved quantities E, Pi and P^ 2 = P^, in accordance with 
fDZJ), gives 



£ = S = ^A? 



1 + 



ArA 1/2 / An \ 1/2 
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where 



J D A2 = 4n 2 T D2 A*A° 



P(3l-w+)(3l-wJ) 
(3A 2 + 2A 2 D ) (31 - r 2 ) 



1/2 
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1 + _2L'1 + ^'1 + J*-'1 + 

1 ~ A*.* x ^ A™. x A„. x ^ 



4i ' 



61 ' 1 r 3i-w+ 



An 



1 + 



31— m- 

Ari 1 Ari ^ 1 Ari 1 Ari 

nl/2 



1 + 



3l-r 2 I ' 
An 



JS 2 = 4vr 2 T D2 A^ 



ArA 
~27 



1/2 



J I 1 



Z 5 (3/ - w+)(3l -wJ) 
(3A 2 + 2A 2 D ) (31 - r 2 ) 
Ari 
~3T 



x 



Ari 



1/2 



1 



1 + 

Ari 



ArA 1/2 f-, Ari 



4/ 

1/2 



-1/2 



1 



6/ 

An x- 1 / 2 



x 



3/-r 2 



3/ — w + J \ 31 — w_ J 
4 7) (1/2; -1/2, -2, -1/2, 1/2, -1/2, -1/2, 1/2; 1; 
11111 1 



x 



l + ^-'l + ^7 , l + 7^'l + ^ , l + ^ ±, l+ 3 ' 



An 



An 



An 



Ari 



. 1 _|_ 3l-r 2 
Ari Ari 



Going to the semiclassical limit n — > oo in the above expressions for the conserved 
quantities, one obtains the following relation between them 



E =~P + 



3 7 / 3 / ttT D2 A? 



e \ 2 / 3 



2 x /3 V 3 _ cos 2 , 



p4/3 



(5.18) 



This is a generalization of the energy-charge relation received in (J5.12jl . 

Our next task is to consider D2-branes rotating in the background ()4.3|) . One admis- 
sible embedding is 



x° = A° e + 



(A .A 



e+* 2 ), x^Ke+Aiie+ct 



(5.19) 



r = r(£ 2 ), 0i = A o V, fc = At? 



21 



It is analogous to (|5.1|) and (|5.13|) . but now the rotations are in the planes given by the 
angles 0i and 2 . 

The D2-brane Lagrangian ()3.27|) now reads 

C\e) = ^ (K rr r> 2 - V) , K rr = -(2A°T D2 ) 2 r Me-*, 
V = rl /2 C (yl - A 2 + A 2 - A 2 _B 2 - ~A 2 D D 2 ) e"* 

where M, v 2 , and A 2 D are defined in (|5.2|) . f)4. 5j) and (|4.25|) respectively. The values for 
r m ax = T\ and r 2 , the solution £ 2 (r), and the expressions for E, Pj, may be obtained from 
the corresponding quantities for the embedding ()5.13j) by the replacements A^ — > A±, 
Af> — * Af). For the conserved angular momenta P^ and P0 2 , (|3.37|) gives 

= (A^sin^ + A^cos^sin^sin^^ (5.20) 
+ (A^ 1 sin 0° - At 2 cos ^ sin 0°) sin 0°^ 
+ (A^ 1 cos 0° + A^ 2 cos 0°) cos 0?^, 



P^ = (A^ 2 sin0° + A* 1 cos^sin0°)sin0°^ 1 (5.21) 
+ (A^ 2 sin 0° - A* 1 cos $ sin 0°) sin QlK\ 
+ (A^ 1 cos 0° + A^ 2 cos 0°) cos Q\K% X 



'SI 

where ifjii, i^^i and can be obtained from jj^, and Jf^ through the above 
mentioned replacements. 

The calculations show that in the semiclassical limit, the dependence of the energy on 
the conserved charges, for the present case, is given by the equality: 

E 2 (E 2 -P 2 f , . 

(5.22) 



A?P 2 - (A 1 .py 

2^ (3 - cos 2 2 °) Pi + (3 - cos 2 0°) P 2 2 - 4P 01 P 02 cos 0° cos 2 ° 

3 sl7r m) 3 - cos 2 0? - cos 2 6° 2 - cos 2 0? cos 2 6% 

This is another generalization of the energy-charge relation E ~ i^ 1 / 2 , and for 0g = 2 = 
7r/2 has the same form as the relation in (J5.8j) . 

Finally, let us consider the other possible D2-brane embedding in the background 
f!4.3|) . It turns out that such nontrivial embedding do exists only for 0g = 2 = 0°, and is 
given by the ansatz 

X° = A° o e, X' = A&°, r = r(e 2 ), (5.23) 

& = Ate + Ate + Ate, h = Ate - Ate - a^ 2 . 

It describes D2-brane configuration, which is analogous to the one in (|5.9|h but now the 
rotations are in the planes defined by the angles <pi and 2 instead of 9\ and 2 . 
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For this embedding, the Lagrangian ()3.27|) have the form 



C A {i 2 ) = ^ (K„r' 2 - V) , K„ = -(2X°T m fr (k\_A 2 + k 2 1+ B 2 ) e*, 
V = rl /2 C (v 2 - k 2 + A 2 - k 2 _B 2 - k 2 D D 2 ) e"*, 

where Vq is defined in (|4.5jl and 

A? ± = 2(1 ± cos^°) sin 2 #°(Af) 2 , 
A| = 2(1 ± cos V?) sin 2 # (A£) 2 , 
A^ = 4cos 2 fl°(A£) 2 . 

The constraint (|3.33jl . K rr r' 2 + V = 0, leads to the same solutions of the equation r' = 0, 
as for the case just considered, but in terms of the new parameters A±, A 2 D . 
In accordance with ()3.36|) . one obtains 



/ [A( + + A(_) (3/ - u+)(3Z - u-) 
3 (A 2 , + k 2 _ + Ak 2 D /3) (31 - r 2 ) Ar K 
(3/4; -1/4, -1/4, 1/4, -1/2, -1/2, 1/2, 1/2; 7/4; 



1/2 



(2Ar) 3 / 4 



x 



Ar 



Ar 



Ar Ar 



Ar Ar Ar 

1>T' - 1T' - "6T' 3Z-tt + ' 3Z-u_' 3Z-r 2 'Ar! 



where 



A 1+ ~ A i- ± 
A? + + A 2 _ \ 



' A| + -Af 
A 2 _, 



,A 



i+ 



The computation of the conserved charges (|3.37j) results in 



l(k\ + + k 2 _) (3/-n+)(3Z 



1 + 
1 + 

,(6) 



3 (A2 +A 2_ +A.k 2 D /3) (3Z-r 2 ) 
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An 
3Z — m + 



6/ 



1/2 



1/2 



1 



An 

3Z — u- 



1/2 



1 + ^ — > x 

3Z - r 2 



(1/2; -1/2, -1/2, 1/2, -1/2, -1/2, 1/2; 1; 
1111 1 



1 | _22_ ' -1 | _4Z_ ' -i | _6«_ ' -j , 3l-u+ ' -1 | 3l-u- I , 3l~r 2 | ' 

i+ An i+ An 1 "r" An i+ An I+ An + An 



(5.24) 



/' 



A^ {sin 2 6° [(l + cos^°) K% + (l - cos^ ) K% 2 ] + 2 cos 2 6°K£ 2 } , 
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where 



K D A2 = 4vr 2 T D2 



I" (Af + + A?_) (3/ 



'3/ 



U— , 



3 (A 2 + + A 2 + 4A 2 ) /3) (3/ - r 2 ) 



1/2 



X 



2/ 



An \ 1/2 



1 + 



4 6) (1/2; -3/2, -1/2, -1/2, -1/2, -1/2, 1/2; 1; 

1111 11 



An 

3/ — W+ 



1/2 



4/ 



1 + 



An \ 1/2 



6/ / 



x 



An 



1/2 



3/ — U. 



1 + 



An 

3/-r 2 



-1/2 



X 



1 + ^'l + ^-'l + ^-'l + ^i'l + ^l-^ ' ' 



41 ' 

An 



Ari 



Ari 



Ari 



Ari 



K° 2 = 2tt 2 T ( 



Z 3 (A 2 + + A 2 _) (3/ - «+)(3Z - u-j 
1)2 3 3 (A 2 , + A 2 _+4Ay3) (3Z-r 2 ) 
An\ 1/2 / ArA 3/2 / An\" 1/2 

An(i + ^) (i + ^) U + > 



1/2 



X 



1 + 



4 6) (1/2; -1/2, -3/2, 1/2, -1/2, -1/2, 1/2; 2; 
1111 1 



Ari 



1/2 



3/ — ii. 



1 + 



Ari 
3/ — 



1/2 



6/ 

i Ar i v 1/2 

1 + ^ — I 

3/ - r 2 



Al ' 
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An 



An 



An 



3l~u+ 
An 



1 + 



31— u- 
Ari 



1 + 



3l-r 2 
An 



X£ 2 = 4tt 2 T D2 



~2l 



Z 5 (A 2 + + A 2 _) (3/ - «+)(3Z - u_) 
3(A 2 h + A 2 +4Ay3) (3/-r 2 ) 

)>£)'("£)>£r* 



x 



1 + 



4 7) (1/2; -1/2, -2, -1/2, 1/2, -1/2, -1/2, 1/2; 1; 
11111 1 



Ari 



1/2 



3/ — u+ 



1 + 



Ari 



3/ — U. 



4/ 



3/-r 2 



-1/2 



X 



iT An L T An 1 T An 



3/ ' 1 i 4Z ' 



6£ ' -i _i_ 31— u+ ' i , 31— u— i I 3f— n 
An i+ An i+ An i+ An 



Taking the semiclassical limit in the above expressions for E, Pj and P^, which in the 
case under consideration corresponds to 



n 2 -> ±2 



3r n 2 



\ A 2 , + A 2 _ + 4A 2 ) /3 
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oo, 



we receive that the energy depends on Pj and P^ as follows 

E , = p2+ 3 ?/3 i ^^f ) PT- (5.25) 
This is another generalization of the energy-charge relation given in (J5 . 1 21) . 

6 Comments and conclusions 

In this paper, we considered rotating strings and D2-branes on type IIA background, which 
arises as dimensional reduction of M-theory on manifold of G2 holonomy, dual to M = 1 
gauge theory in four dimensions. We obtained exact solutions and explicit expressions 
for the energy and other momenta (charges), which are conserved due to the presence 
of background isometries. They were given in terms of the hypergeometric functions of 
many variables Fp\a; 61, ... , b n ; c;zx,..., z n ), where for the different cases considered, n 
varies from one to seven. 

We investigated the semiclassical limit of the conserved quantities and received dif- 
ferent types of relations between them. Our aim was to check if strings and D2-branes 
rotating in this ten dimensional type IIA background, can reproduce the energy-charge 
relations obtained in jHj and ^1] for rotating M2-branes on G2 manifolds. We found that 
the rotating strings can reproduce only one type of semiclassical behavior, exhibited by 
rotating M2-branes. Our results are the following 



E 2 = P 2 + 2vrT (6r ) 1/2 (P 2 + P 2 
P 2 = P 2 + 2vrT (6r ) 1/2 f P 2 + — 



1/2 
3P 



2 \ 1/2 



cos 2 e° 2 



P 2 = P 2 + 2vrT(6r ) 1/2 x 
(3 - cos 2 91) Pi + (3 - cos 2 0°) P 2 2 - 4fy^ cos 6\ cos fl 2 ° l 1/2 

3 - cos 2 el - cos 2 e\ - cos 2 e\ cos 2 e\ _ ' 

These equalities are generalizations of the P ~ K 1 ^ 2 behavior and correspond to the 
following M2-brane energy-charge relation ^1] 

{E 2 (P 2 - P 2 ) - (27r 2 T M2 ^) 2 {(A! x A 2 ) 2 P 2 - [(A x x A 2 ) x P] 2 }} 2 (6.1) 
-6(2tt 2 T M2 /? 1 ) 2 P 2 \K\E 2 - (A^P) 2 ! (P 2 + P?) = 0. 



We also showed that the rotating D2-branes reproduce two types of the semiclassical 
energy-charge relations known for membranes in M-theory. The first type is represented 
by 

P 2 (P 2 -P 2 ) 2 23 / 2^ \2(p2 j_ P 2 



A 2 P 2 - (Ax.P) 2 3 5 
E 2 (E 2 -P 2 ) 2 2 3 / 3P 2 

" T^(7T J-D2) Pfl + 



A 2 P 2 -(Ax.P) 2 3 5 V V 3-cos 2 : 
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E 2 (£2 _ p2)2 

AjE 2 - (Ai.P) 2 ~ 

2 3 . - , 2 (3 - co s 2 fl 2 °) Pi + (3 - cos 2 gg) P| 2 - 4PftPfr cos 0° cos fl 2 ° 



3 - cos 2 0? - cos 2 Q\ - cos 2 0? cos 2 d\ 



These are generalizations of the dependence E ~ K 1 ^ 2 and correspond to (j6.1|) . For the 
second type, we received the equalities 



E 2 
E 2 



p2 
p2 



3 5 / 3 (2vrT D2 A?) 2 / 3 P e 4/3 , 
3 7 / 3 / ttT D2 A? ^ 2/3 



4/3 



2V3 I 3 



cos 



2 0° 



P 2 = P 2 + 3 7/3 



'27rT D2 Af sin 0°' 



P. 



2/3 



4 - sin 2 



P. 



4/3 



which are generalizations of the dependence E ~ K 2 ^ 3 and correspond to JT] 

P 2 = P 2 + 3 5 / 3 (2vrT M2 / 3 1 A?) 2 / 3 P e 4/3 . 

We were not able to obtain the other three types of semiclassical behavior discovered 
in ^T] for M2-branes 
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E 2 = P 2 + — 2 P\ - (6 7 r 2 T M2 / 3 1 Ar) 2/3 P 



4/3 



{E 2 [E 2 - P 2 - (3//) 2 P 2 ] - (2tt 2 T M2 / 3 1 ) 2 {(Ax x A 2 ) 2 E 2 - [(A, x A 2 ) x P] 2 }}' 



-2^(37rTM2/n) 2 P 2 A 2 P 2 - (A^P 



Pi = o, 



E< 



(3/2/) 2 P 2 l - (2n 2 T M2 ll 1 ) 2 {(Ax x A 2 ) 2 P 2 - [(Ax x A 2 ) x P] 2 }} 



-(6tt 2 T M2 / 3 1 ) 2 P 2 [K\E 2 - (Ax.P) 2 
which generalize the relations 

e-k ~ p 1/3 . 



P 2 = 0, 



E — K ~ const, E ~ Ki + const 



K2 



One reason is that after the dimensional reduction from eleven to ten dimensions, the term 
in the background metric proportional to C 2 {r) disappears (compare (j2.1|) with (|2.3J) ). 
Besides, we considered very restricted class of solutions, depending only on the radial 
background coordinate. However, these are just kind of technical reasons. To our opinion, 
the physical cause behind is that other types of M2-brane's semiclassical behavior should 
be reproduced in ten dimensions by more complex non-perturbative states like bound 
states of fundamental strings and D-branes. Support for this conjecture are the results 
obtained in jSj, where such relation has been found for flat space-time. More precisely, 
starting with rotating membranes solutions in flat eleven dimensions, and compactifying 
on a circle and on a torus, the authors of jH] have been able to identify non-perturbative 
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states of type IIA and type IIB superstring theory, which represent spinning bound states 
of D-branes and fundamenal strings. 

We note that in considering the semiclassical limit (large charges), we take into account 
only the leading terms in the expressions for the conserved quantities. However, there is 
no problem to include the higher order terms. An example is given in (J4.31|) . 

For comparison, we now give two known results about the energy-charge relations, 
obtained in the semiclassical limit, for strings moving in other curved type IIA back- 
grounds 6 . 

Rotating strings in a warped AdS§ x S" 4 geometry have been considered in |16j . The 
warped AdS$ x S 4 is vacuum solution of the massive type IIA supergravity, which is 
expected to be dual to an Af = 2, D = 5 super-conformal Yang-Mills theory. For large 
conserved charges, the following relation between them has been found 

3 Co 
E-- 2 J-c 1 + ^ + .... 

At the leading order, this relation is of the type E — K ~ const, and is reproduced by one 
of the M2-brane configurations described above, but not by the strings and D2-branes 
considered here. 

Pulsating strings in the same warped AdS§ x S A background have been semiclassically 
quantized in [T7] with the result 

E 2 = ( J + 7/3) (J + 4) + quantum corrections, 

which in the leading order gives the E — K ~ const behavior once again. 

It seems to us that an interesting task, which deserves to be investigated, is the 
semiclassical behavior of the strings and D2-branes in the 7-deformed ^B] background 
(12. in order to see the difference with the results obtained here, and to estimate the 
role of the Kaluza-Klein modes, following the idea developed in [T2|, and applied for 
semiclassical strings in [20J. This problem is under investigation and we hope to report 
about some progress soon. 
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A Hypergeometric functions Fp 

Here, we give some properties of the hypergeometric functions of many variables Fjj 
used in our calculations. By definition [21], for \zj\ < 1, 



/,, fe„=o ( c )fci+...+fen k x \...k n \ 



00 

Fd \ a '-i bi, ■ ■ ■ , b n ; c; z\, . . . , — / y 



6 See also [T5] .where spinning and rotating closed string solutions in AdS^ xT 11 background have been 
found, and has been shown how these solutions can be mapped onto rotating closed strings embedded in 
configurations of intersecting branes in type IIA string theory. 
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where 

_ r(a + k) 
r(a) 

and r(z) is the Euler's r-function. In particular, F^\a; b; c; z) = 2 F\(a,b; c; z) is the 
Gauss' hypergeometric function, and F^\a; bi, b 2 ; c; z\, z 2 ) = Fi(a, b\, b 2 ; c; z\, z 2 ) is one 
of the hypergeometric functions of two variables. 

1. Fj-) (a, 6j, • • • , 6j, • • • , C, Z\, . . . , £j, • • • , Zj, . . . , 2 n ) 

■^d b\, . . . ,bj, . . . ,bi, . . . ,b n , c, z\, . . . , Zj, . . . , Zi, . . . , z n ). 

2. Fj 1 (a; 6i, . . . , & n ; C, 2ij ... , z n ) 



9. 



JJ (1 - ^) fel F^ n) fc - a; b x , . . . , b n ; c; — ^-r, • • • , — : ) 

„._, \ Z\ — 1 — 1/ 



i=l 

3. F^ (a; 6i, . . . , Oj_i, £>$, frj+i, . . . , 6 n ; c; zi, . . . , 1, Zj+i . 



r(c)T(c — a — bi 



-Fp (a; &i, . . . , . . . , & n ; c — Oj; zi, . . . , %fi, 



T(c — a)r(c — 6j 

4. F^ (a; 6i, . . . , bi, . . . , b n ; c; zi, . . . , Zi-\, 0, Zi+i, . . . , z n ) = 
Fr> \ a ] bi, . . . , fej-fi, . . . , b n ; c; Z\, . . . , . . . , z n ). 

5. Fp \a; b\, . . . , 0, b i+ i, . . . , b n ; c; Z\, . . . , £j, . . . , z n ) = 
F D (a;bi, . . . ,bi-i,b i+ i, . . . , 

bn] C, Z\, • • • , Zi—\i Zi-\-Xt ■ ■ ■ , £ n ). 

6. Fp (a, . . . , 6j, . . . , 6j, . . . , b n , c, z\, . . . , Zj, . . . , Zi, . . . , z n ) = 
Fp \a;bx, . . . ,bi + bj, . . . ,b n ; c; Zx, . . . , Zi, . . . , z n ). 

7. Fj + (a; a — c + 1, b 2 , b 2 , . . . , b 2n , b 2n ; c; —1, z 2 , —z 2 . . . , z 2n , —z 2r 

r(a/2)r( c ) (w) 2 2 

-^_D l a /A °2j • • • j 02n, C — a/2, Z 2 , . . . , Z 2n ). 



2T(a)T(c- a/2) 
8. F^ n+l) (c - a; a - c + 1, fc 2 , h, . . . , b 2n , b 2n ; c; 

z 2 z 2 Z 2n Z 2n 



1/2, 



1 - z 2 ' 1 + z 2 ' " " ' 1 - ^ 2n ' 1 + 2; 2n 



r(a/2)r(c) (w) / z 2 2 

2-r(a)r(c-a/2) Ffl I ^ - a, 6 2 , . . . , 6 2n , c - a/2, -^—^ ^ , . . . , -^—^ 



2ra, 



? ( 2 ), , , v P /o/2,(o+l)/2,6 
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